A conventional expression for the microscopic dielectric constant as obtained by Adler and Wiser in the Hartree approximation lacks the self-polarization correction arising from the polarization of electrons by its own field and hence is invalid for tightly bound electrons. When the correction is introduced, the microscopic dielectric constant can still be expressed in terms of a simple formula. With the use of the "separable" approximation to the polarization, which holds well for tightly bound electrons, the result is shown to recapture the Lorentz-Lorenz formula for the macroscopic dielectric constant in the limit of completely localized electrons. § 1. Introduction
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Microscopic dielectric response of electrons plays an important role in various areas of solid state physics. It is possibly most essential in lattice dynamics; the electrons respond to the microscopic field caused by the displacement of ions and thereby mediate the effective ion-ion interactions. The dielectric response formalism is therefore fundamental to the theory of lattice dynamics. 1 
>-•>
Historically, different approaches have been taken to understand the dielectric response in insulators. As an idealized model, the electrons are regarded to be completely localized. This approach may be called classic. Electronic excitation is represented by polarization of point dipoles on the ions. When one considers the electric field, it becomes necessary to distinguish between the macroscopic (or averaged) field and the microscopic field, the latter being actually experienced by the .point dipoles. The distinction leads to the familiar concept of Lorentz field. 5 > In the limit of long wavelength, the macroscopic dielectric constant has the form e = 1 + 4na / (1 _ 4n a )
!J
3 !J ' (1) if all the ions in the crystal have an environment with cubic symmetry. a stands for the sum of the polarizabilities of the dipoles in the unit cell, !J being the volume of the unit cell. The point-dipole model has long been used for study of dielectrics. Its application to lattice dynamics is the shell model 6 > and the deformation dipole model,7> Validity of this classic picture obviously depends on to what extent the electrons are localized. When the microscopic field which the electrons feel can be regarded uniform, the point-dipole approximation is valid. Therefore the validity depends on the extension of the electron wave function and the spatial variation of the microscopic field. For external perturbations of long wavelength, it may not be so bad to regard the electrons as point dipoles. However, for external fields of short wavelength (on the order of the lattice constant), the field experienced by the electrons cannot be considered uniform in real insulating crystals. Such short-wavelength field actually occurs in lattice vibrations. In such a case, the point-dipole model breaks down and we have to start from quantum-mechanical viewpoint with the electron wave functions.
Another approach to the dielectric response is quantum mechanical. The response can be described by a microscopic dielectric constant. It has been calculated by Adler 8 l and Wiser 9 l in the Hartree approximation. This is done in the following way: Assume somehow an infinitesimal potential V (r) is established. This potential causes a change in the electron wave functions and gives rise to a change in the electron density. The induced electron density pind (r) in turn sets up a potential field yind (r) in the crystal. This additional potential plus the external potential yext(r) has to be equal to V(r) assumed at the outset. This requirement of self consistency determines the relationship between the external potential yext(r) and the self-consistent potential V(r). The microscopic dielectric response can be described in this way.
Simple and clear as it is, the Adler-Wiser derivation rests on two important assumptions. Aside from one of them, the Hartree approximation, the potential experienced by an electron is taken to be equal to the self-consistent potential V(r). In the actual fact, this is not the case. The self-consistent potential V(r) includes Vind (r) from all the electrons. When calculating the microscopic potential which acts on an electron, one should not include that term in vind(r) which the electron under consideration produces. Therefore the microscopic field seen by each electron is not V(r). The difference does not matter, if the electron wave function is well extended throughout the crystal. Therefore, so long as metals and semiconductors are concerned, we can safely neglect the difference. When the wave function is localized, however, we have to make correction for the difference in the potentials, which we shall hereafter call self-polarization correction. If one takes the limit of point dipoles without this correction, unhappy divergence occurs.
In this paper, we obtain an expression for the microscopic dielectric constant with the self-polarization correction included for tightly bound electrons.. The Hartree approximation will be adopted. To find correspondence with the pointdipole model, we shall introduce the 'separable' approximation 10 l to the dielectric constant. The approximation holds under some restrictions, but they are well satisfied for tightly bound electrons. With this approximation, the dielectric constant takes a simple form; the self-polarization correction is found to modify the polarization part with a constant factor. In the long-wavelength limit, the macroscopic dielectric constant will be sho~n to have a form similar to (1), but not identical; the denominator has to be modified because of the spatial extension of the electron wave function. In this way, we can rectify the overestimation of the microscopic field in the point-dipole model.
The plan of the paper is . as follows: The remainder of this section is devoted to summarizing the result of Adler and Wiser. In § 2, we derive an expression for dielectric constant for tightly bound electrons, paying due attention to the difference between the total potential field and the local potential seen by an electron. The result is simplified in § 3 assuming a separable form. In § 4, we invert s to get s-1, which describes the dielectric response, and discuss the the long-wavelength macroscopic dielectric constant. External potential yext(r) applied to the crystal is screened by the electrons, and the resulting potential can be written as
which defines the inverse dielectric constant s-1 • All the dielectric response is contained in s-1 • The crystal periodicity requires (3) for any lattice translation vector R 1• The periodicity allows the Fourier transformation in the reciprocal space s-1 (r, r')=-1 -I:
where N is the number of the unit cells in the crystal. The q vector is confined in the Brillouin zone, and K,. are reciprocal lattice vectors.
We note in passing that the macroscopic dielectric constant is But if we regard the crystal as a macroscopic continuum, we can detect only the macroscopic, K,. = 0, component s00
Since the coefficient is the definition of the inverse of the dielectric constant, one gets (5) .
The calculation of the dielectric constant has been done by Adler 8 l and independently by Wiser 9 l neglecting the self-polarization correction. The result obtained by them is s,.,., (q) = (J,.,., X (knle-t<q+K~t>·rlk+q , n')(k+q, n'let<q+Kh')·rlkn).
(8) s(q) is the inverse matrix of s-1 defined in (4). The ket lkn) denotes the Bloch function with wave vector k in the band n. The corresponding energy eigenvalue is Ekn· The symbol fkn stands for 1 or 0 according as the kn state is occupied or unoccupied. Equation (6) is widely used for describing dielectric response in metals and semiconductors. We now make corrections for the selfpolarization in this expression for tightly bound electrons. § 2. Dielectric constant for tightly hound electrons
Since we consider the electronic states in the tight binding approximation, we start with the atomic wave functions In"), with energy eigenvalue En. " distinguishes between the atoms in the unit cell. The overlap of the atomic functions will be neglected. Using these basis functions, we attempt to get the microscopic dielectric constant in the spirit of the Hartree approximation mentioned in § 1. Suppose that an infinitesimal external potential
q " is applied. Then a screened potential is set up in the crystal, and the potential seen by electrons is not yext(r). Let the potential seen by an electron in the " atom of the l unit cell be denoted by yioc(r-R~, l") = ~ ~ ei<q+K"Hr-Rt>y~ac(q , h).
This is the local potential produced by the other atoms and the applied field.
It is important to note that the above potential is not equal to the total potential V(r), which is produced by all the atoms and the applied field. The distinction between the two potentials is essential when we are to remove the self-polarization term. The local potential (10) is unknown yet; we can determine it afterwards by imposing the self-consistency condition.
The potential (10) causes a change in the atomic wave function In") centered at Rt. It is sufficient to calculate the change to first order in the potential, since the applied potential is infinitesimal. With use of the perturbed wave function, the induced electron density at the l" site is found to be where
The induced electron density sets up the induced potential Vind (r-R 1, l!C), which obeys the Poisson equation
(13)
We now come to the central point. If we sum the induced potential Vind (r-R 1, l!C) for all the l!C atoms and further add the external potential, then we get the total potential V(r) = yext(r) +I; yind(r-Rz, l!C).
This can only be measured by introducing a tiny test charge into the crystal. But it is not quite the potential seen by the electrons. The local potential is obtained by subtracting the self-polarizing term:
This has to be equal to the potential (10) assumed at the outset. In this way, the self-consistency condition establishes a relationship between the applied and the self-consistent potentials, from which an expression for the dielectric constant can be derived.
To carry out the above program, it is expedient to work with the Fouriertransformed quantities. We therefore expand 
Inclusion of the second term corresponds to the self-polarization correction.
Equations (17), (18) 
Using (21) m (18), one gets
h'
This completes the derivation of the microscopic dielectric constant. We see that the effect of self-polarization correction is contained in the A matrix. Our result (23) contains a sum over q', which makes the expression come plicated. In this section, we reduce (23) to a simpler form using a realistic approximation.
We assume that x~"' (q, q') defined in (12) can be approximated in the following separable form:
This form was first taken by Sinha 10 J,lll to discuss microscopic foundation for the shell model of the lattice dynamics. This approximation is valid if the following conditions are fulfilled: (i) The atomic wave functions can be taken real.
(ii) Only a single pair of states n, n' gives a substantial contribution to x~"' (q, q'). Here n and n' are understood to specify the angular momentum character.
(iii) Transition between n and n' is dipole-allowed (like s~p and p~d). These conditions are likely to be well satisfied in the case of tightly bound electrons. The last factor a~p depends on the symmetry of the tc ion. It is isotropic for ions in the cubic-symmetry site, and hence can be chosen to be 
The tensor LafJ(!C), which depends solely on the type of the ion, plays the role of removing self-polarization. An important application of our result is the case where all the ions occupy the cubic-symmetry site. In that case, (25) greatly simplifies (26) and (27). The tensor Lafl (!C) now becomes isotropic: 
• (29)
We see _that the correction is incorporated as an enhancement factor L-1 (!C) for the polarization of each ion. The L(tC) factor looks like a Lorentz factor 1-4naj3!J in the point-dipole model, but this is not quite so. If we take f. (q) to be independent of q, then L(tC) tends to -oo. The divergence is certainly unphysical. What one actually needs in the theory of dielectric response is not the microscopic dielectric constant itself, but its inverse matrix e-1 • We do this inversion in the next section and shall find that no divergence occurs in e-1 • To conclude this section, we summarize the approximations used in the derivation of (26) and (29). It rests upon the Hartree approximation, tight-binding approximation and the separability (24) of the polarization function Xhn' (q, q'). § 4.
Inverse dielectric constant
The response function needed in practice is the inverse dielectric constant s-1 • But the theory gives only e. As a result, it becomes necessary to invert the e matrix. Although this is in general impossible, our dielectric constant matrix (26) can be inverted owing to its separable form.
To avoid unnecessary complexity, we confine ourselves to the case where all the ions are in the cubic-symmetry sites. (A similar calculation is feasible for the case of lower symmetry, too.) The inverse matrix of (29) Expression (31) is an important relation in studying microscopic dielectric response of insulators. For example, using this form for D""'(q), one can derive the shell model (and the deformation dipole model) of lattice dynamics from the most general expression for the dynamical matrix. 10 > When doing that, one must include the L(!C) correction, since the shell model is based on the point-dipole model.
Finally let us investigate the macroscopic dielectric constant (5) in the longwavelength limit. If the unit cell contains a single atom, we can invert the matrix (32) in the q---'>0 limit, dropping the indices IC and IC'. We then get
where a IS defined by (35) It means polarizability of the free atom, as one can confirm by going back to (24) and comparing it with (12) . The denominator in (34) consists of three terms: the second term originates in the self-polarization correction, the third in the local field effects. If one goes over to the point dipole limit, the form factors become constant and each of these terms diverges. The total, however, remains finite and one recovers the familiar Lorentz-Lorenz formula (1). Our forn;mla (34) yields a quantum-mechan ical correction to the Lorentz-Lorenz formula. The pointdipole model apparently overestimates the local field because it neglects spatial ex-tension of electron wave functions.' The situation can be rectified by using our formula (34). When the unit cell contains more than one atom, we cannot get an expression as simple as (34). But if we take the point-dipole limit, the inversion of (32) can be done in the q~O limit. The macroscopic dielectric constant can then be written as (1) with use of the sum of the polarizability:
It is to be emphasized that the microscopic-field correction depends on the form factor of the dipole moment, which exhibits quantum mechanical nature of our treatment. If we take account of the spatial extension of the charge, still remaining in the classic case, what enters the theory is the form factor of the charge distribution. 12 ' Such a classic picture is invalid when viewed from quantum mechanics. Since the polarization occurs as a result of the transition of an electron from ground to excited state, what matters to the microscopic-field correction is the spatial extension of the product of the two wave functions.
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